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A Calculus for Amortized Expected Runtimes

Separation Logic-Style Reasoning for Amortized Expected Runtimes

of Probabilistic Data Structures à la Dijkstra and Tarjan

Our calculus features

▶ compositionality,

▶ local reasoning by utilizing Runtime Separation Logic [Matheja 2020, Haslbeck 2021],

▶ invariant-based analysis of (possibly unbounded) loops,

▶ soundness w.r.t. operational Markov Decision Process semantics.
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Amortized Expected Runtimes

Probabilistic operation C:

if ( c = s ) {

{ tick (2 · s) } [ 1/2 ] { skip } ;

s := 2 · s

};

tick (1) ; c := c + 1

Worst case expected runtime of C is s + 1.

Amortized (= average) expected runtime of C in

n times︷ ︸︸ ︷
C; . . . ; C is:

ert(C; . . . ; C)
n

≤ 3 (starting in c = 0, s = 1)
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Amortized Expected Runtimes

Probabilistic operation C:

if ( c = s ) {

{ tick (2 · s) } [ 1/2 ] { skip } ;

s := 2 · s

};

tick (1) ; c := c + 1

Redistribute runtimes by potential function π : States → R≥0 with π = 2 · c −̇ s.

aertπ(C) = ert(C) + expected change of π

≤ 3

If initially π = 0, then ert(C; . . . ; C) ≤ aertπ(C; . . . ; C) = 3 · n .
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Motivating Case Study

The Insert-Delete-FindAny Problem [Brodal et al. ’96]

Maintain a dictionary D of numbers providing operations:

▶ insert(y)

▶ delete(x)

▶ FindAny: return arbitrary element y ∈ D and rank(y) = 1 + |{y′ ∈ D | y′ < y}|.

No deterministic implementation can run in constant amortized runtime.

Utilizing randomization: constant amortized expected runtime.

Randomization + Amortized Analysis + Pointers
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Motivating Case Study

insert(y) :

add (y) ;

{

any := H; Rank

} [1/len+1] {

if ( len ≥ 2 ) {

vany := ⟨any + 2⟩;

tick (1) ;

if
(

y < vany
)
{rank := rank + 1 }

} else {

any := H ; rank := 1

}

}

delete(y) :

remove (x) ;

if ( len = 0 ) {

any := 0 ; rank := 0

} else {

if ( x = any ) {

Sample ; Rank

} else {

vx := ⟨x + 2⟩ ; vany := ⟨any + 2⟩;

tick (1) ;

if
(

vx < vany
)
{rank := rank −̇ 1 }

}

}; free(x, x + 1, x + 2)

insert (y) and delete (x) are memory-safe and run in constant amortized expected time.
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The aert Calculus

The aert Calculus
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The aert Calculus

C −→ tick (e) time consumption

| x := a assignment

| {C } [ p ] {C } probabilistic choice

| x := alloc (e) memory allocation

| x := ⟨e⟩ heap lookup

| ⟨e⟩ := e′ heap mutation

| free(e) memory deallocation

| C ; C

| if ( φ ) {C } else {C }

| while ( φ )
{

C′ }
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The aert Calculus

Fix a potential function π : States → R≥0.

Complete lattice (Aπ ,≤) of π-runtimes:

Aπ = {X : States → R ∪ {∞} | ∀σ : − π(σ) ≤ X(σ)} X ≤ Y iff ∀σ : X(σ) ≤ Y(σ)

Goal:

aertπ JCK : Aπ → Aπ , aertπ JCK (0) (σ) =
amortized expected runtime of C

w.r.t. π on input σ
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Fix a potential function π : States → R≥0. Complete lattice (Aπ ,≤) of π-runtimes:
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Data Structure D1

aertπ1 JC1K (0)

Data Structure D2

aertπ2 JC2K (0)

Composed Data Structure D1 ⊕ D2

aertπ1⊕π2 JCK (0)
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The aert Calculus

Fix a potential function π : States → R≥0.

C aertπ JCK (X)

tick (e)

e + X

x := a

X [x/a] + (π [x/a]− π)

{C1 } [ p ] {C2 }

p · aertπ JC1K (X) + (1 − p) · aertπ JC2K (X)

C1 ; C2

aertπ JC1K
(
aertπ JC2K (X)

)

if ( φ ) {C1 } else {C2 }

[φ] · aertπ JC1K (X) + [¬φ] · aertπ JC2K (X)

while ( φ ) {C′ }

lfp Y. [¬φ] · X + [φ] · aertπ JC′K (Y)

The lfp is taken w.r.t. ≤ on π-runtimes.

Analysis of loops is tackled by quantitative runtime invariants.
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The lfp is taken w.r.t. ≤ on π-runtimes.

Analysis of loops is tackled by quantitative runtime invariants.
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The aert Calculus

Let π = x.

(( 1/2 · (x + 1) + 1/2 · (1 − x) this is aertπ JCK (0)

{

(( x + 1

tick (x)

(( 1

} [1/2] {

(( 1 [x/0] + (0 − x) possibly negative

x := 0

(( 1

}

(( 0 [x/x + 1] + (x + 1 − x)

x := x + 1

(( 0 0 is the postruntime
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Incorporating Dynamic Memory

Incorporating Dynamic Memory
by utilizing Runtime Separation Logic [Matheja 2020, Haslbeck 2021]
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Incorporating Dynamic Memory

C −→ tick (e) time consumption

| x := a assignment

| x := alloc (e) memory allocation

| x := ⟨e⟩ heap lookup

| ⟨e⟩ := e′ heap mutation

| free(e) memory deallocation

| C ; C | {C } [ p ] {C } |

| if ( φ ) {C } else {C } | while ( φ )
{

C′ }

States = {(s, h) | s : Vars → N, h : Loc →fin N}

Memory faults cause an infinite runtime
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Incorporating Dynamic Memory

Define separating connectives on runtimes f , g : States → R∞
≥0:

f ⊕ g = λ(s, h). min { f (s, h1) + g(s, h2) | h = h1 ⋆ h2}

f −−⊖ g = (adjoint: monus, omitted)

Typical runtime specification:

aertπ JCK (0) ≤ Hx 7→ 1I⊕ Hy 7→ 2I⊕ 3

= λ(s, h).
3, if (s, h) |= x 7→ 1 ⋆ y 7→ 2

∞, otherwise.
true false

0 ∞

Kevin Batz A Calculus for Amortized Expected Runtimes 13



Incorporating Dynamic Memory

Define separating connectives on runtimes f , g : States → R∞
≥0:

f ⊕ g = λ(s, h). min { f (s, h1) + g(s, h2) | h = h1 ⋆ h2}

f −−⊖ g = (adjoint: monus, omitted)

Typical runtime specification:

aertπ JCK (0) ≤ Hx 7→ 1I⊕ Hy 7→ 2I⊕ 3

= λ(s, h).
3, if (s, h) |= x 7→ 1 ⋆ y 7→ 2

∞, otherwise.
true false

0 ∞

Kevin Batz A Calculus for Amortized Expected Runtimes 13



Incorporating Dynamic Memory

Define separating connectives on runtimes f , g : States → R∞
≥0:

f ⊕ g = λ(s, h). min { f (s, h1) + g(s, h2) | h = h1 ⋆ h2}

f −−⊖ g = (adjoint: monus, omitted)

Typical runtime specification:

aertπ JCK (0) ≤ Hx 7→ 1I⊕ Hy 7→ 2I⊕ 3

= λ(s, h).
3, if (s, h) |= x 7→ 1 ⋆ y 7→ 2

∞, otherwise.
true false

0 ∞

Kevin Batz A Calculus for Amortized Expected Runtimes 13



Incorporating Dynamic Memory

Define separating connectives on runtimes f , g : States → R∞
≥0:

f ⊕ g = λ(s, h). min { f (s, h1) + g(s, h2) | h = h1 ⋆ h2}

f −−⊖ g = (adjoint: monus, omitted)

Typical runtime specification:

aertπ JCK (0) ≤ Hx 7→ 1I⊕ Hy 7→ 2I⊕ 3 = λ(s, h).
3, if (s, h) |= x 7→ 1 ⋆ y 7→ 2

∞, otherwise.
true false

0 ∞

Kevin Batz A Calculus for Amortized Expected Runtimes 13



Incorporating Dynamic Memory

C aertπ JCK (X)

x := alloc (e) sup v :
(⊕e

i=1 Hv + i − 1 7→ 0I
)
−−⊖ (X [x/v] + π [x/v]) − π

x := ⟨e⟩ inf v : He 7→ vI⊕
(
He 7→ vI−−⊖ (X [x/v] + π [x/v])

)
− π

⟨e⟩ := e′ He 7→ − I⊕
(
He 7→ e′I−−⊖ (X + π)

)
− π

free(e) He 7→ − I⊕ (X + π) − π

aertπ JCK (0) (s, h) =

amort. exp. runtime of C on (s, h), if C memory-safe on (s, h)

∞, otherwise
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Incorporating Dynamic Memory

Theorem (Soundness of aert)

For every C and initial state (s, h),

ExpectedCost (MDPJC, s, hK) ≤ aertπ JCK (0) (s, h) + π(s, h) .

⟨C, s, h⟩

/

...

⟨term, s1, h1⟩

⟨term, s2, h2⟩

...

,

cost determined by tick (e) statements in C

cost ∞
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Case Study: The Insert-Delete-FindAny Problem [Brodal et al. ’96]

Case Study
The Insert-Delete-FindAny Problem [Brodal et al. ’96]
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Case Study: The Insert-Delete-FindAny Problem [Brodal et al. ’96]

insert(y) :

add (y) ;

{

any := H; Rank

} [1/len+1] {

if ( len ≥ 2 ) {

vany := ⟨any + 2⟩;

tick (1) ;

if
(

y < vany
)
{rank := rank + 1 }

} else {

any := H ; rank := 1

}

}

delete(y) :

remove (x) ;

if ( len = 0 ) {

any := 0 ; rank := 0

} else {

if ( x = any ) {

Sample ; Rank

} else {

vx := ⟨x + 2⟩ ; vany := ⟨any + 2⟩;

tick (1) ;

if
(

vx < vany
)
{rank := rank −̇ 1 }

}

}; free(x, x + 1, x + 2)
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Case Study: The Insert-Delete-FindAny Problem [Brodal et al. ’96]

Theorem

insert (y) and delete (x) are memory-safe and run in constant amortized expected time.

Ingredients:

▶ Inductive runtime invariants for loops:

Jv, end, len1, len2 : dll (H, v, 0, len1, c)⊕ dll (c, end, v, len2, 0)⊕ len2

▶ The aert frame rule:

aertπ JCK ( f ⊕ g)
morally

≤ aertπ JCK ( f )⊕ g

▶ Rules for local reasoning (avoiding −−⊖)

Thank you!
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Backup Slides

Theorem (aert Frame Rule)

Mod (C) ∩ Vars(g) = ∅ implies

aertπ JCK (( f ⊕ g)− π) ≤
(
(aertπ JCK ( f − π) + π)⊕ g

)
− π .

Theorem (Compositionality w.r.t. π)

Let π1, π2 be potentials with π1 ⪯ π1 ⊕ π2.

Mod (C) ∩ Vars(π2) = ∅ and X + (π1 ⊕ π2) ≤ (X + π1)⊕ π2

implies aertπ1⊕π2 JCK (X) ≤ (aertπ1 JCK (X) + π1)⊕ π2 − π1 ⊕ π2 .
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